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Abstract. We study essential spectrum of a matrix operator H, that describes three particles
interacting in the direct sum of certain subspaces of the Fock space. It is shown that the essential
spectrum of this operator lies in the real axis and is described as a union of segments. Moreover, we
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I. INTRODUCTION

In statistical physics [1,2], in solid-state physics [3,4] and in the theory of
quantum fields [5,6], studying the spectral properties of the operators associated with
a system of three particles is one of the intensive research areas. Sigal et al [7] found
the location of the spectrum for a system of several particles. They showed that
continuous spectrum does not contain singular points by using some geometric
techniques. They also found the regions where points of the discrete spectrum
accumulate.

The study of systems describing n particles can be reduced to the study of self-
adjoint operators acting in the so-called cut subspace H™ of the Fock space, consisting
of r < n particles (see the references [1,4,5,6,7,8]). The model operators, associated to
a system of two bosons and another particle of a different nature were studied by
Albeverio et al [9,10] in the subspaces of the bosonic Fock space. They explicitly
described the essential spectrum and found its location. In this work, we study the
essential spectrum of a similar model operator but in the fermionic Fock space. We find
the exact location of the essential spectrum under certain conditions. We also show that
the essential spectrum can be described by the spectrum of the operator h(p),p € T3,
called a Friedreich model. In the main theorem of the paper (Theorem 3), we obtain
that the essential spectrum of the operator H consists of a union of closed intervals, and
the number of intervals does not exceed four.

The paper is organized as follows. Section I is the introduction. In Section 11, we
describe the model operator, H. In Section III, channel operators and Friedrichs models
are defined, and their properties are given. The main results, including their proofs, are
presented in Section IV.

II. THE MODEL OPERATOR
We use the following notations:
T3 = (—m, ] — the three-dimensional torus.
L?((T3)?) — the Hilbert space of square-integrable functions in (T3)?2.
L% ((T3)?) — the subspace of antisymmetric functions.
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For simplicity, denote
Ho =C, Hy=IL*(T), H,=Lg((T)?).

Let [; and (-,-);, j = 0,1,2 be an identity operator and an inner product in these

spaces, respectively. Then, we denote their direct sum as
H=H,DH, DH,.

For any functions g € L?(T3), we define the corresponding operators g: H; —

Hyand g*: H,, - H; as
gif) =90 f €Hy

and
g*(c) = C(’)g, CcE }[Oa
respectively.
Let Ly, Lsg: L*((T3)?) = L?(T?) and Ly, Ls,: L*(T3) - L?((T?)?) be operators
defined as
ngll®g' Lsg:g®11
and
LZ:Il ®g*, L";,gzg*@]l’
respectively.

Next, we define the model operator as a matrix operator in the Hilbert space H

Hoo Hoy O
H = <H10 Hy, H1z),
0 Hy Hy
where the operators H; ; act as follows:

Hyy:C - C, Hyo(c) = uyc

Hoy: L2(T®) > €, Ho1(f) = a(f)

Hio:C > L?(T3), Hig(c) =c-a

Hyp: I2(T?) - L2(T?), Hi1f(p) = u(p)f(p) +
Jps w(p, O (D)dt
Hyp: L*((T3)?) — L*(T3), Hy, () = fb(‘P)
Hyq: I2(T3) - L?((T?)?), Hy () = E(LZ — L) (f)
Hyo: L2((T%)?) - L2((T%)?),
Ha (@) 0, @) = (0, DE@, q) — (LpLy — LspLsy) (@) (0, q)

Here u, is a fixed number, a, b, u, ¢ are real-valued continuous functions on
the torus T3, E(:,) is a real-valued continuous symmetric function in (T3)?2, and
w(:,") € L>((T®)?) is a self-adjoint function, i.e., w(p,q) = w(q,p), p,q € T3. We
note that with these definitions, Hy; and H;, are annihilation operators, which lowers
the number of particles in a given state by one, while H;, and H,; are creation
operators, being adjoint to the annihilation operators, increase the number of particles

by one (see Ref. [5] for more details).
Defined in this way, H is a bounded and self-adjoint operator in #.

as
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III. CHANNEL OPERATORS AND A FRIEDRICHS MODEL
Here, we define an operator H,,, which acts in 7 = L2(T3) @ L*((T?®)?) as a

matrix operator
1

Hy4 AL
T * ’
\/_ELb H3, — L)L,

This operator is called a channel operator corresponding to H (see, Ref. [11]).
We can see that H., has a simpler structure than the model operator, H. Therefore,
description of the spectral properties of the channel operator is also much easier. There
is a particular relation between the essential spectra of the channel operators and the
model operator H, which will be given later.

Let U, be a multiplication operator in L?(T?3), by the function a(+), i.e.,

f1(p) ) ( a(p)f1(p) )
Ue ( = . o€ 2(TY).
“\M2.9)) \a®)f2(p, @)

We note that H.;, commutes with the abelian group of all operators U, 1.e., for
any a € L*(T?), we have

Hep =

HopUg = UgHep.
The channel operator H.;, can be decomposed into a direct von Neumann integral
(see e.g., [12, Theorem XIII.84])

Hch = fT3® H(p)dp- (1)
Here H(p), p € T3, the so called Friedrichs model, is defined as a bounded and
self-adjoint operator acting in Hy @ H; as

H(p) = Ho(p) +V,

where
1

- (0 0 ) u(p) —_Zb

0 0 h ’ 1. x

o(P) =b" —¢'p

with hy(p), p € T? being a multiplication operator by the function e, (-): =
E(p,),

5

(ho@))(@) = ep(@)f (@), f € H,.

For spectral properties of such types of Friedrichs models refer to Refs. [9,10].

From the decomposition (1) and the theorem on the spectrum of decomposable
operators ([12, Theorem XIII1.85]), we obtain the following theorem.

Theorem 1. The spectrum of the channel operator H,, is described as

O-(Hch) :Upe']I‘3 {Jd (H(p))} U [Emin» Emax]
where a4 (H(p)) is the discrete spectrum of the operator H(p),p € T3 and
Emin = min3 E(p.q), Emax = max, E(p q)
p.qeT p,q€T

Next, we discuss spectral properties of the Friedrichs model H(p), p € T3.
According to the definition of the Friedrichs model, H(p) = Hy(p) +V, the
perturbation operator V' is an operator of finite rank. Therefore, from Weyl’s theorem
on the stability of the spectra, o5, (H (p)), the essential spectrum of the operator H (p),
coincides with the spectrum of hy(p), i.e.,
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Oess(H(P)) = a(ho(p)) = [m(p),M(p)], p€TZ,

where m(p) and M(p) are the maximum and minimum values of the function
e, (q) in the torus T, i.e.,
m(p) = min e (@), M(p) = max e (@)
Next, for any p € T3, we define A(p,-), the Fredholm determinant associated
with the operator H(p), as an analytic function in C\[m(p), M(p)] by

1 1
A3 2) = Uy = 970, 2)0") (Hoo®) = 2l =5 b1 (0, )" ) =5 (bro(p, )Y

where 1, (p; z), z € C\[m(p), M(p)], is the resolvent of hy(p),p € T3,

d
nia)e) = | oS

Explicitly, A(p; z) can be written as

] . _ @?(s)ds 1 b2(s)ds 1 b(s)p(s)ds\>
A(p' Z) - (1 fT3 E(p,s)—z) (u(p) z 2 /T3 E(p,s)—z) 2 (f']T3 E(p,s)-z ) )

Lemma 1. For any p € T3, the number z € C\[m(p), M(p)] is an eigenvalue
of H(p) if and only if A(p, z) = 0.
Proof. According to the definition of the operator H(p), the eigenvalue equation,

Hp)f =zf, feH®, )
is equivalent to the system of equations,

1
(u®) —2)fot+ zbf1=0
1 * * ’
_Tgro(pi 2)b*fo + ro(p; 29 0fi = fo
In other words, we have

1 i 1 .
(Hoo(p) — zly — Ebro(P» z)b")f +\/_§b7’0(P: z)p*a =0

1 * * ?
— 7P 2)b"fo +(lo — ¢ro(p, 2)9™)a =0

where f,, a € C.
Solutions of the last system of linear equations and the equation (2) are related

f=Uof) EHD.

3)

as
fo=foa=9¢fi
and
1
(@) = 10(p; 2) (—5b(@fo + p(D)a).

On the other hand, determinant of the system of equation (3) is equal to 4(p; z),
therefore the equation H(p)f = zf, f € H, @ H; has a nontrivial solution if and only
if A(p; z) = 0. This completes the proof of the lemma.

Denote the number of eigenvalues of H lying below z (z < inf 0.,(4)), by
n_(4, z) and the number of eigenvalues lying above z (z = sup 0.,(4)) by n, (4, 2),
counted with multiplicities.

Lemma 2. For a fixed p € T3, we have:

n_ (H (p), m(p)) < 1if @(-) and b(-) are bounded operators
n_ (H (p), m(p)) < 2, if they are unbounded.
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Moreover, we have

n.(H@p),M()) < 1.
Proof. We can easily obtain that

_u(p) £JuE(p) + 411b| 12

Zyi, = > , Z1 <0< Zy
are simple eigenvalues of the matrix operator
1
, (v b
={, ,
5 b 0

From the definition of the operator V, Img(V) = C @ (b, ¢), where (b, ) is the
subspace spanned by b and ¢. Therefore, according to the facts that —¢p*¢p < 0 and
0.5s(V") = {0}, the following statements hold true for the operator V:

i) If the functions ¢(-) and b(-) are linearly bound, then V has two positive
eigenvalues (with multiplicities) and one (simple) negative eigenvalue.

ii) If the functions ¢(-) and b(-) are linearly unbounded, then V has only one
(simple) positive and one (simple) negative eigenvalues.

Also, from the relations H(p) = m(p) +V and H(p) < M(p) +V, and the
minimax principle, for n_ (H (p), m(p)) and n (H (p),M (p)), we have

n_(H(p), m)) < n_(m(p) +V,mp)),
n, (Hp), M(p)) < n (M(p) +V,M(p)),
respectively. Then, the assertions i) and ii), as well as the relations
n_(m(p) +V,m()) = n_(V,0)
and
ny (M(p) +V, M(p)) =n,(V,0)

yields the proof. The following can be derived from this lemma.

Corollary 1. The Fredholm operator A(p,-),p € T3, may have no more than one
zero (two zeros) in the interval (—oo, m(p)), if @(-) and b(-) are linearly bounded
(resp. unbounded). Furthermore, it may have only one zero in the interval (M (p), o).

Let X = g(H,) be the spectrum of the channel operator H,;,, then we have

2 = [Emin) Emax] Y 02

where 0; =U,e13 04 (H(p)), ie.,

g, = {z € R\[m(p), M(p)]: A(p; z) = 0 for some p € T3}.

Theorem 2. The essential spectrum, o, (H), of the model operator H coincides
with the set X, i.e.,

Oess (H) = X.

Proof. The proof can be found in Ref. [9].

IV. FORMULATION AND PROOF OF THE MAIN RESULTS
Here we present main results of the paper, which describes g, (H), the essential
spectrum of the model operator H.
Theorem 3. g, (H) consists of a union of no more than four closed intervals.
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Proof. Let 0 € o(H) be the largest closed interval containing [E,in, Emaxls

which may coincide with 6 = [E,,jn, Empax]. Set
00: =Upers {Ud (H(P))}\U- 4)

If g, is an empty set, then the essential spectrum, o,¢(H), consists of only one
closed interval o.

If o, is not an empty set, then 6, N ¢ = @ and from the definition of a spectrum
the set gy is closed.

According to the definition (4), for any p € T3, the operator H(p) has an
eigenvalue in gy.

Next, let the inclusion [a, b] € g, hold, where a, b lie in the boundary of o (H).
Let G, be a set of points p € T3, such that H(p) has an eigenvalue in [a, b]. We show
that G, = T>. Let py € G,. Then, due to Theorem 2 and Lemma 1, there exists a
number z, € [a, b], such that A(p,, z,) = 0.

However, for any p € T3, the function A(p,”) is analytic in some region
containing the interval[a, b]. Therefore,

1

d
ﬁA(Po,Zo) *0

or otherwise
2

ﬁﬂ(pm zy) # 0.

According to the implicit function theorem there exist neighborhoods U(p,) €

T3 and U'(z,) < [a, b] of the points p, and z,, respectively, and a continuous function
z:U(po) = U'(2)

such that A(p, Z(p)) = (0 forall p € U(py).

By Lemma 1, the number z(p) € [a, b] is an eigenvalue of the operator H (p)
for any p € U(py) < G, which yields that G,, is an open set.

Next, we prove the closedness of the set G,,. Indeed, let a sequence {p,,} C G,
converge to p, € T2 and let {z(p,,)} < [a, b] be an eigenvalue of the operator H(p,,).

Without loss of a generality we may assume that

rlll—l;goz(pn) = Zp € [Cl, b]
As A(:,") is a continuous function in T3 X [a, b], we have
0= rlll_r)rolo A(pnr Z(pn)) = A(Po' ZO)

and therefore p, € G, since [a, b] is closed. Hence, the set G, is closed. So, we
showed that the set G, is both open and closed, and therefore we conclude G, = T3.

According to Corollary 1, the d(H (p)), p € T3 contains no more than three
eigenvalues, therefore the number of closed intervals [a, b] € o, does not exceed three.

From the relation,

Oess(H) = 0o U [Epins Emax],

we conclude that the essential spectrum o, (H) consists of a union of no more

than four segments.
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