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and obtain an asymptotics expansion for this eigenvalue as wight of potential approaches the infinity.
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LLINTRODUCTION
The spectral properties of discrete Schrodinger operators have attracted
significant attention in the study of both combinatorial Laplacians and quantum graphs
(see [3], [4], [6], [9], [11], [15], [21], and references therein for recent summaries). In
particular, the eigenvalue behavior of Schrodinger operators on lattices has been
investigated in [1], [5], [8], [12], [13], and briefly discussed in [10] and [16], under the
assumption that the potential is a Dirac delta function.
In addition, the spectral properties of the Hamiltonian describing the motion of
a single quantum particle on a lattice in an external field were studied in [12, 16, 17,
19, 20]. These works investigated the number of eigenvalues and their locations,
depending on the value of the interaction energies.
In the present paper, we study spectral properties of the discrete Schrodinger
operator f,, 1 € R, on the d- dimensional lattice with a zero-range potential (Dirac

delta potential) concentrated around x = 0 € Z9 and with an extended dispersion
relation depending on the real parameter 5 (f > 0).

In the case when the potential is 6 function, the existence and uniqueness of z(1t)
have been investigated in the [1, 13] and the Hamiltonian of a system of three quantum
mechanical particles moving on the three-dimensional lattice Z* and interacting via
zero-range attractive potentials is considered in the [2, 16, 19]. In [14], asymptotical
behaviour of the eigenvalues as yu — 0 was studied.
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Note that the authors of [24] have investigated this operator, and they proved that
the operator FI# has a unique eigenvalue z(u, f) for each value of the parameter u. In
addition, they showed that z(y, ) is infinitely many times differentiable as the
function of u for d = 1,2, and established the asymptotics for this eigenvalue as u = oo

In the present paper, we improve the results obtained in [24], that is, we show
that z(u, ) is infinitely many times differentiable as the function of u for any
dimension of the lattice Z% and we get the more accurate asymptotics of eigenvalues
as it — o

Note that, to the best of our knowledge, this result is new in this field.

In order to facilitate the description of the content, we introduce the followius
notations used throughout this manuscript: Z% is the d-dimensional lattice and
T? = (R/2rZ)? = (—m,m]¢ is the d-dimensional torus equipped with the Haar
measure.

I1.Discrete Schrodinger operator
ILI. Discrete Schrodinger operator in the position representation.

For each f > 0, Laplacian A is defined as follows:
d
1 T r A* y T Sa I A* » L~
A= Ez ((T(]) +T (])) — ZT(O) + ﬁ(T(Z}) + T (2]) — ZT(O))),
=1

where T (y) is a shift operator on £2(Z%) by y € Z%:
TWfx) =fx+y), feL*z).
Let us define the discrete Schiédinger operator on £2(Z%Y) was
H,=-A-V,
where the potential V depends on the parameter i € R and satisfies the relation

GHe={f L DL Feran, ren

ILIL. Discrete Schrodinger operator in the momentum representation.

The one-particle Schrodinger operator H, in the momentum representation is

defined as
H,=F%"'H,F, H,=H,-V,
where
Hy = F*(— A)F, V, =FVF. (1)

Here, F stands for the standard Fourier transformation F:L?(T%) — £%(Z%)
with the inverse F*: £2(Z%) — L*(T%). Explicitly, the non-perturbed operator H, acts
on L?(T%) as a multiplication operator by the function £(+):

(Hof)(p) = e(0)f (p), [ €L*(TY), peT,
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where

d
s(p) = Z (1 —cospj) + f(1 —cos2pj), p € T, B =0. (2)
=1

In the physical literature, the function £(+), being a real valued-function on T¢,
is called the dispersion relation of the Laplacian operator — A. ()
The potensial operator is transformed into a rank one integral operator

u
V = dg, f € L*(T%). 3
VP®) = Gz | f@da, 1 € 12T 3)
Now, we present the lemma on the range of the function £(p) defined in the form
(2.3).

Lemma 1. @) For any 8 > 0, the function €(p) has a non-oscillating minimum at
the point Qg = (0,0,...,0) and £(Q,) = 0.
b)) IO P < i, then the function €(p) has a non-oscillating maximum at
the point Q; = (m,7,...,m) and €(Q,) = 2d.

b2) When B =i, the function €(p) has oscillating maximum at the point
Q,=(m,m,.... M) and e(Q,) = 2d.
b3) When B > i, the fuction £(p)

Q, = (arccos (— é) ,arccos (— ﬁ) y-..,AYCCOS (— ﬁ))has a non-

a (+4B2 _ (1+4p7d

oscillating maximum at the point £(Q,) = }{=; op v
Proof. a) The critical points of the function £(p), i.e., the solutions of the
equation
de
G(Q) =sing;(1 + 4B cosq;) =0
qi

consist of Qg = (0,0,...,0) and @ = (7w, m,..., ™), when 3 # i, and

QZ = (QTCCOS (— %) , Arccos (— %) y e, AYCCOS (— %))

1 : : .
when 3 > " In this case, the Hessian matrix

1+4p 0 ... O 0
0 1+4 0 0
HE(QO) = : ﬁ: :
0 0 ... 0 1+14p
which consists of second-order partial derivatives
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0%¢(q) .
=0,i+#j,i,j=1,d,
561;'561;'
82
825:) = cos q; + 4 cos 2q;

is positive definite at the point Q,. Therefore, the function €(q) has a global
minimum at the point ,, and we can see that £(Qy) = 0.

bl)Let0 < f < i. Then the Hessian matrix at the point Q4

—-1+4p 0 ... 0 0

0 —-1+4 0 0

He(Q1): . : p :
0 0 0 —1+4p

Is negative definite, therefore, in this case the function €(q) has global maximum
at the point Q; and €(Q;) = 2d.

b2) When f = i, Hessian matrix H,(Q,) = 0, so the number e(Q;) = 2dis a
local maximum of the function €(q) .
b3) When 3 > i, Hessian matrix at the point Q,

1— 162
/T 0 ... 0 0\

1— 162
H.(Q;) = O T 00
1 — 1682
\ 00 0 )
is negative defnite and
£(Qq) < £(Q2).
That is, when 3 > i, the number £(Q,) = ?=1(1;;5)2 = (1+:§)2d is a global

maximum value of the function &(p). Therefore the minimum and maximum of &(p)
consists of

2d, 0<f<1,

(1+48)%d 1
8 '’ ﬁ>4'

Emin =0 and €04 =

III. The essential spectrum.
H, 1s a multiplication operator by the real valued, continuous function and the
perturbation Vis the one-dimensional operator and, therefore, in accordance to the Weyl
theorem on the stability of the essential spectrum the equality 0,55(H,) = 0,55(Hp)

holds the essential spectrum of the operator H, consists of the following segment on
the real axis:
Jess(Hu) = [Sminrgmax]:
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IV. Fredholm determinant of the operator H,

For any u € R, we define the Fredholm determinant associated with the operator
H, as aregular function in z € R\[£p, Emax] as

Dun=1-h [ P )
(2m)? Jrae(p) — 2
Lemma 2. The number z € C\[&,in, Emax] is an eigenvalue of H, if and only if

D(u,z) = 0 and their multiplicities are the same.
Proof. The eigenvalue equation (H, — z)f = 0 i.e., the equation

[e(p) — z]f (p) — 2 )df f(p)dp =0 (%)
for f € L?(T%) is equivalent to the equation

(1— K f 4q )c:o (6)
Qm)Jrac(q)—2z) 7

for the unknown coefficient Cr € C and solutions of (5) and (6) are related as

G =g | S0y

and

. 2
f(p) = g(p)—_ch-

The equation (6) has a non-trivial solution if and only if D(u,z) = 0.
Lemma 3. a) Letd = 1,2. Then

dq dq
[ = Ilim = J = +o0o0.
zoemin=Jra€(q) =z Jpa€(q) — Emin
b) Let d = 3. In that case the integral
-
[=| ———
T4 £(q) — €min
exists.

Proof. a) Let d = 1. Then we have

[EC el B ey
1€(q) — 2 T251n2%+2ﬁsin2q—z

Efz dq =f dq
T T A2 2|Z|

qa- 2 _ _clZl
7 tePa*—z T aTtiigp

arctanL—)oo, z— 0~

-1

Let d = 2. Then we have

J‘ dq dq J‘ dq
L — - 4 _—
12€(q) — 2 T2\Ug(0) e(q) —z Us(0) e(q) —z
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[
- < m’
T2\Ug(0) e(q)—z

o 4 i o
vs @) =2z Jyyo Z?:l (1 —cosq; + (1 —cos2q;))—z Jyyo)l +24,6’ g2 —

J'ZRJ'S rdrd@ 1 J‘ZT’l ( 5 2z )|"'"d9
= = n(r?— = oo.
0 01+2_4’ﬁrz_z L+4fJq 1+48)"°

1+4B

22p

Z

b) Let W, (0) be a sphere in R? with center at y = 0 and radius y =
Consider the mapping g = ¢(y):

(1+48)2 -8By -1
¢:W,(0) > U(0) c T4, qj:— arccos‘} 7 d ; j=1,..,d.

where U(0): = ¢ (W, (0)) is image of the sphere W, (0).
It is easy to see that g = 0 is a unique non-degenerate minimum of £(q). We
rewrite function I as

_ q dg__
I = —+ —=L4+1
U(O)g(Q) Td\U(o)g(Q)

Observe that I, < oo. In the first integral making a change of variables ¢ = ¢ (y)
, we obtain

B J(p(y))dy
I = ~a 2 (7)
Wy (0) ) j=1Yj
where [(¢@(y)) is jacobian of the substition ¢. Passing to the spherical
coordinates y = r in integral (7), we obtain :

Y
I = fo ri=3ar [ JeeCrp))ay, ®)

Ag—q
where collection Ay_; is unity sphere in R% Then from d > 3 and the
continuity of the functions J, ¢, follows the existence of the integral /.
Lemmad.a)a) Ifd =1,2 or d =34 and f =+, then
dq
d(gmax) = f -~ _ . -

Td S(Q) — €max

b)lfd=3andB #7 ord>4and =7, then
dq
d(gmax):J
T

d g(q) — €max
exists.

proof. We divide the proof into two parts: § % i and f = i.
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If p# i, according to lemma 2 on the maximum value of the dispersion

function, there exist C; > 0, €, > 0 numbers such that
Cilg— Q' < le(@) — emaxl < Golg = Q7| g€ T (9)
satisfies, where Q" is absolute maximum point of the function £(q), i.e.,
Q" =(m, .., m)eTLif0< B <1/4;
Q" = (arccos(—=1/4p),...,arccos(—1/4B)) € T4, if B > 1/4.

In the following expressions, if the exact value of a constant number does not
affect the calculation, we denote it by Cy, Co, ... .

a) a) First, let is consider the case when d = 1,2. In this case, from the inequality
on the right-hand side of 9),

d(ema)] = 4 L
(275) ]I‘lgmax g(q)l (ZH)CZ qu

1 dq >C3fidq=C311=—m

TGl T q? ql, ’

where C3 is some positive constant.
Now, when d =2, we estimate the integral
|d(emax) | using the right-hand side of the inequality (9) and then transitioning
to polar coordinates as follows:
1 dq dq
il = 6
M@ e le(@) =~ Enarl ~ " rala - QF
_Cg J-.]I,zl 2 > C4, rd?" (2r )ZC
b) If d = 3, we estimate the integral from above by considering the left-hand
side of the inequality (9) and then transitioning to the spherical coordinate system:

dq J‘ dq f dqg
<C ——=C —
de|£(q) — emarl = CJpalq—Q 12 7 Jpalql?

&
)
<C,+ C5fpd'2'1 dp < o,
0

Inr|} = .

where § > 0 is enaugh small number.
In the remaining part of our proof, we consider case f = 1/4. It is known
that, according to Lemma 2, the number &,,,, 1s an attained maximum, and the
expression

d
1
£(P) = Emar Z( 1 - cosp) ZE ~ cos?p)) =
=1

a
Z(l — cos p;) (1 — —(1 — cospl)) = Z%(l + cos p;)?

allows us to write inequalities

Cilp — Qi|* < |e(p) — €(Q)] < Calp — Q4% p € TY,
where Q; = (m, ..., m) € T?.
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From the final inequality, we estimate the integral |d(&,4,)| from above:
1 dqg f dg 1 dq
Cy Jpalg — Qy* e |6(q) — €max| = C1 Jpalq — Q1 ]*

a) After that (if d = 2, by transitioning to the polar coordinate, agar d = 3,4, by
transitioning to the spherical coordinate) from using the left-hand side of the last
inequality, we estimate the integral |d(&,.¢)| above:

s T

dq fpd‘l
>C dp=Cfpd‘5dp=m,d£4
delg(q) _gmaxl 30 )94 ’

b) In this case, using the inequality at the right side of (10) and transitioning to
the spherical coordinate, we obtain

(10)

é

[ o 2 ccve Ll
= — = p < o,
1a1e(q) = Emaxl = Clralp—Qul*T ) pf

where & > 0 a sufficiently small number. The lemma has been completely
proven.

Lemma 5. a) For any u > 0 there exists a unique number z(u, ) in the interval
(—00,0) such that D(u,z(u,B)) = 0, and z(u, f) is differentiable with respect to the
u-variable.

b) For any ¢ < 0 there exists a unique number z(u, ) in the interval (&,,4x, )
such that D(u, z(u, )) = 0, and z(, f) is differentiable with respect to the p-variable.

Proof. a) For any fixed u > 0, the function D (u,-) is continuous on (—o,0) and
it has the limits

lim D(u,z) =1

Z— =00

and by statement a) of Lemma 2.2 yields
lir{r]l_D(,u, zZ) = —w
Z—

and hence for any u > 0 there exists a unique z(u, f) € (—,0) such that

D(u,z(1, B)) = 0.
Since D(u,z) > 1 for z € (&4, ) the function D (u,-) has no any zeros on the

interval (€,,,4,, ®©).
As D(u, z) is differentiable with respect to (i, z) and

oD u dq

iz (2m)%)pa(e(q) — 2)?
due to the implicit function theorem the function z(, ) is differentiable on
(—OO, 0)
b) The proof of this part is same a).

* 0,

Theorem 1. Let d(d = 3) and

_ 1 dq - 0 _ 1 dq B
”“‘((zn)dfmg(q)—o) - ‘((zmdfwe(q)—smax) |
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a) If 1> o, the operator H, has a unique eigenvalue z(u, 3)in the interval
(=0, 0) and has no eigenvalue to the right of essential spectrum.

b) If u < u®, the operator H, has a unique eigenvalue z(,)in the interval
(Emax @) and has no eigenvalue to the left of essential spectrum.

o) If 1° < u < g, the operatorH,, has no an eigenvalue eighter in the interval
(—0,0) or (emaw +<°) .

Proof. Lemmas 3 and 5 imply the proof.

Lemma 6. z(u, ) satisfies the asymptotics

1

z(u,p) =
1 1 d((@d—1Dp>+4df+(2d—-1) 1
_E_d(l-l-ﬁ),(?_ 7l ‘u

as p— oo.
Proof. In the r.h.s of (4), we make the substitutions u — Zand z — %

2
~ 11
D(A,0) =D (3.7)
Instead of the equation D(u,z) =0 as pu—+w and z— —oo. We

+O( )’

investigate
P =2-¢ f 4 _,
’ rale(q) — 1 .
Due to the relations
D(0,0)=0 d 0D0.0) _
( ’ )_ an a( -

we may apply the implicit function theorem to define the first three coefficients
of the Taylor series
{' ( )2 O ") 5

¢=14()=7(0)+'(0)2 BETE S
at the point A = 0. Thus the implicit theorem allows to write down the equalities

¢(0) =0,

¢'(0)=—
Similarly,
{"(0)==-2d(1+p), {"(0)=-3d((2d —1)B*+ 4dp + (2d — 1)).
Hence, we get
- 2 -
{=-1—d(1+p)r* - d((zd ~ DF +2?dﬁ + (2d 1))13 +0*) as 1—0.

Making the substitutions y = % and z = %, we get the following result:
1

—_ 2 d d
S M (X BN TR T T KR By

Z =
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.. . . 1 1 .
Taking into the account the reciprocal relations A = p and { = ~we obtain the

following assertion.
Theorem 2. z(u, ) satisfies the asymptotics

21 B) = —u+d(1+ ) — L2 — (14 (- DB +2dp +d - 1)
dz((Zd—1)ﬁ2+4d}3+(2d—1))((4d+1)ﬁ2+8dﬁ+4d+1)1 0 1
22 =+ 0(z)

as L = oo.

Proof. For the sufﬁciently large U numbers

| (d(l + ﬁ’) 4 A(@d- 1)524;Ta5+(2a 1)) = —+ O( ))l < 1 holds, and the asymptotic

in Lemma 6 turns to be

1
Z = =
d((2d = 1)B?% + 4d 2d —1
1+d(1+ﬁ)1 d((2d—1)}3’2+2ér1:d,8+(2d 1))1+O( 1

1 d((2d—1p*+4dp +(2d —1)) 1 1
—U 1_(d(1+ﬁ);_1+ o0 E-I‘O(F))

2d —1)B?+4dp + (2d —1)) 1 1
+(d(1+m (2 = DB + 48 + Dﬂﬁ(}(;))

(d(l +ﬁ) yA(@d - DF7 Hadf + (2d 1) 1 +o(i)> .

2! ‘uz
= —u+2d(1+4p) —d(lz—tﬁz)l—dz(1+ﬁ)((d— D2+ 2dp+d — 1)%+
d*((2d—1)B?+4dp + (2d— 1))((4d + 1)B* + 8dS + 4d + 1)l+ 0 ( 1 )

(212 113 e

| mommnsocont s oo E
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