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Abstract- In this article the author studied one boundary value problem for a third-order
nonlinear equation with multiple characteristics. The unique solvability to the problem was proven.
The uniqueness of the solution to the boundary value problem was proven by the method of energy.
To prove the existence of a solution to this problem, an auxiliary problem was considered. By solving
an auxiliary problem, the original problem was reduced to a system of Hammerstein integral
equations.The solvability of a nonlinear system is established by the method of contraction mappings.
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I. INTRODUCTION
The following equation refers to poorly studied odd-order equations:
Llu) =t —u,=f (e ysu ), (MO)
which is called an equation with multiple characteristics (MC)([1]).
The well-known Korteweg-de Vries equation (KdV)
u,+uu, +pu, =0 (KdV)
which is the object of research by many authors and occupies an important place in
the study of nonlinear wave propagation in weakly dispersive media [2 — 4].

The Korteweg—de Vries (KdV) equation describes the evolution of weakly
nonlinear long-wavelength excitations in a medium with dispersion in the high-
frequency domain. The KdV equation finds applications in diverse fields, such as
fluid dynamics (e.g., modeling gravitational waves in shallow water and nonlinear
Rossby waves), plasma physics (e.g., describing ion-acoustic waves), electrical
engineering (e.g., analyzing nonlinear circuits), and even epidemiology (e.g.,
simulating the time evolution of infected individuals during an epidemic), etc. [2 — 6].

I. LITERATURE ANALYSIS
In connection with above and other practical applications, the study of
boundary value problems for odd-order equations with multiple characteristics is
relevant.
Note that some boundary value problems for a equation with multiple
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characteristics of an odd order were considered in [1,7 — 9]. This paper employs the
method of contraction mappings to investigate a linear boundary value problem for an
odd-order nonlinear equation with multiple characteristics.

II1. ANALYSIS AND RESULTS
STATEMENT OF THE PROBLEM
PROBLEM A. It is required to determine in domain D={(x,y):0<x<10<y<I}

function u(x,y) that has the following properties:
1) ulx.y)eC? (D)nC (D);

2) which is a regular solution in domain D to the following equation:

Lu)=uy—u, = f(xpuu) (1)
3) satisfying the following conditions
u(x,0)=0, 0<x<l, (2)
u,(0,y)=p/(y), 0<y<l, (3)
u,(0,y)=0,(»), 0<y<i, (4)
u(ly)=y(y), 0<y<l, (5)

and matching conditions ¢, (0)=¢,(0)=w(0)=0.

UNIQUENESS OF THE SOLUTION
THEOREM (the uniqueness of the solution). Let  f(x,y,u,u,) be

continuous function of their arguments and for any ‘u ‘ <o,

ux‘ < satisfying the

j (6)

;—<le, 7)

following condition

‘f(x7y>ul>u1x)_f(x>y>u29u2x) < Lﬂ”l _”2‘+‘“1x — Uy,

where L - some constant.

Then the solution to Problem A is unique.

Proof. Let there be two solutions to the considered problem, #; and u,. Consider
their difference w =u;-u,. With regard to w, we obtain the following problem:

L(W) EWee W, = f(xaya“p”u)_f(xayauzauzx)a (10)
w(x,0)=0, 0<x<I, (2,)
w, (0,y)=0, 0<y<l, (3,)
w,(0,y)=0, 0<y<I, (4,)
w(l,y)=0, 0<y<l, (5,)

Let us prove that w(x, y)=0.

Having integrated the following identity

vw Lw)ywL(w)= vw(w,., —w,) = vw(f (x,v,u00,) = F(6p,u,1,)  (8)
over domain D, where v = exp(-x—2y), taking into account boundary conditions (2) -
(50), we introduce the following notation:
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I—lj‘vw2
_20 :

ledy +%j-vw2‘y=1 dx+%”vwfdxdy 0. (9)
0 D

According to notation (9), alternatively we have

x=ody + % _[)I(Vy - vxxx)WZdXdy - _[)I(f (x, Vol Uy )_f (x, Vol Uy, ) )WVdXdy-

I= —% _:[vxxwz

In accordance with condition (6) we obtain the following
1 1 5
I< E_([(L—l)vw2 L_Ody+§ JD I(l—3L)w vdxdy.

When condition (7) are satisfied, we arrive at the following inequality

1 1 1
0< %‘([vwi ledy + %_([vwz ‘y:l dx +%_.;)J‘vwfdxdy + % J;)J. (3L —1)ww?dxdy + %}[ (1- Lpw? Lzody <0.
Hence,
1 1 1
%_{[vwﬁ ledy + %-([ vwz‘y:1 dx +%J;)I vwfdxdy +%LJ. (3L —1)vw dxdy + %_{[ (1- L)vwz‘xzody =0,

from that we obtain the following conditions:

w. (1,y)=0 ,0<y<1,
w(x,1)=0,0<x <1,

w (x,y)= O,(x,y)e D,
w(x,y) = 0,(x, y) e D.

So  wx,y)=0, (x,y)eD.

EXISTENCE OF THE SOLUTION
Before proceeding to the proof of the existence of a solution to Problem A, it is
necessary to study the following auxiliary problem.

PROBLEM B. It is required to determine in domain D a regular solution
ulx,y)eC - "(D)nC if’y’o(D)
to equation

L(u)=u, —u, =0 (1o)
satistying the following conditions

u(x,0)=0, 0<x<I, (2)

u,(0,y)=0,(y), 0<y<l, (3)

u,(0,y)=0,(y), 0<y<I, (4)

u(l,y)=y(y), 0<y<l, (5)

We seek the solution to problem B in the following form:

u(x,y) = [U (sl (0dn + [V(x,y:0,n)a,(n)dz + [U(x,7:0,7)8()dn .
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Obviously, function u(x,y) satisfies condition u(x, 7)o =

Satisfying the boundary conditions we obtain

y y
Uvol 031 () +[ V., (5, 350.m) e (mdr + [U, (. 30m) _ Amddn=(»), (10
0 0

SR S I e

U, 03510 ki + [V.(0.9:0. sk + [U, 0,350,080l =), 1)

[0 i) |+ [ V01 350m)es (ki + [0, 0.tk =) (12

Note that for functions U(x,y;&,n) and  V(x, y;&,n7) are true ([1])

R -
U(x.y;f,n)z (y 77) f[(y_n;],x¢§ay>77,
0, y<n. (13)
)bl X
V(X.y;f,ﬂ)Z (y 77) ¢[(y_n);]>x>§’y>77:
0, y<n.

+00

f(t) Icos( }dﬂ t—

Functions f£(¢), ¢(t) called Airy functions, satisfy the following equatlon ([1]):

ﬂt)dﬂ —00 <t <400, g(t)= T[exp( -2 /11 +s1n 23
0

Z”(t)+%tz(t): 0. (14)
The following relations hold:
+00 2 +00 0 P
_([f(l‘)dl‘=§ﬂ', _([go(t)dt=0, '[f(t)dt=? (15)
\/§+w -7 1 \/_ -7
f(O):Tle dr, f'(0) jz dt
?(0) =£ I e dt, 9'(0)= £ _[ t-ed.
2 0 2 0
The following relations are true for functions Ulx,y:&.n), V(x,y:&.7)
U(x,y:€.17)
- nV
81+JU()f, yﬂga 77)| 2646 j-1 (16)
ooy’ | P
it < Cl 2i+6j-1
0"V (x,y:6.)) y-n
ox' oy’
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as Lé}—)ﬂo, i+j=1, C>0, C, >0,
(y-n)y:

3
i) G o Bk ()
| o'y’ | - ,7|'+4’+ - ,7|

as Lé}—)—oo, i+j21, C,>0, C,>0.
(y-n)>

(10) - (12) 1s a system of integral equations of the Volterra type for
unknown functions «,(y), k=12, and S(y)

The solution to the system (10)-(12) can be represented as

)= RO oW + [ K. 0k + Koo b+ 2 (508

where R(y,1) is the resolvent kernel of the equation

él

»)=[K(.2)a(e)dz+F (),

o1 0 1 -1
- = f] = | |z |[dn+
- 52[@2)3 LMJH !

2

z . y .
Ry, 7){ i 7, T,O,ln) dﬂ] dr+ | V(Ly,O,ln) P

s (n=s)p o (-s)
K, (y,5)=— ;f ;,(z()))[V(l, y;0,7)- ?E U(1,:0,7 +-IR (n, 2 U(1,7;0,7)+V(1,7;0,7))dt
a (y) j:K21(y’Th)1 )ds"'J.Kzz y,T)(Dz dS"'j. K, J’>T)7V )dT ( ) (y).(l9)

w'(0)"
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/ y IO n
K,\(v.7) 27[ (p j y,){ 1,7:0,s) ?EO; U(1,7;0,5)+ j R(i],r)(U(l,T;O,s)+V(l,r;O,s))dr}dn,

Ko(r.0)= 3o 32@ [TKz(y,n)R(n,r){fV(”O" ] } 177’0hdh]d

229(0) (g 27°20) Y (7—s)

N

y

Kole) = K (0002 [ K, )Rl

T

B0)= [ K (oW e+ [ Koo 5)pi5)as + [ Ko (s (5)is ==, (1)20)

0

93

1{31( T ) 72_2 r(O y,lT J‘ xxxx0y7177 U’T)dn9
K32(y,s)= 4 7r3q0'(0)

(0,1, A ){TV(I’ T;O’lh) dh]dr} }
I ){j h—s) j I (h—s)3
K33( 95)2_

j ol 0, i, {[j;j; '((OO)) (V(l, U;O,S)d?]+;fR(7], T)V(l, T;O,s)drﬁj; [U(l, 77,0,s)+;fR(y, T)U(l, T;O,S)dTJ]d?].

From solution the problem B we get

(5.9) = [ K)o (5Kis + [ K)o (615 -+ Koolyeshyskds,

where

K41 y, J.U x, 1, 77)K12(77: d77+_[V x, 0, 77)K21(77: )d77+

T 3700 3
+J.U(x ;0 77)K33(77,s)d77+&V(x,y;o,s)—EU(x,y;O,s),

g R 2%{0'(0)

K42 y, IU xy,l 77) 11(77,S)d77+JVXYaO 77) 22(779 dU+Iny90 77) 32(77,S)d7],

3 ¥y
K(r,5) == JUL (e, p3LmR(p, ) +IV(x, Y3 0,1)K 5 (1,5 )d 17 + IU (5, 750,7)K5, (17, 8)d .

N

Here K42(y,s) , K43(3,8) are continuous functions and |K41(y,s)|<C(y-s)'~.
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So, if
9, (y)e L,(0.1) ¢, (y)e C'(0.1)y (y)e C(0,1)

then problem B is solvable.

THEOREM(the existence of the solution). Let, along with the conditions of
the uniqueness theorem, the following conditions be satisfied:

o, (y)e L,(051).0,(y)e C'(0:1), w (y)e C(0;1),
aimx,y,u,ux)) e C(D) . f(x,0,u(x,0)u (x,0)=0,
y
and f(x,y,u,u.) e C(D) for (x,y) e D and for ju| < M

£ Gy N < My, £, G pouu, )< My, | f, (e y u,u, ) < My,
Then the solution to problem (1) - (5) exists.

S (x,y,u,ux)1 <M,.

Proof. Using the solution to problem B, the solution to problem A can be
sought in the form

w(xy) = [ Ko (25)p, (M5 + [ K (vos)gi(s)ds +

+jK%@mh&ﬂﬁ~—%ﬂiwmy@nﬂf@nLMfmluAan»Mﬂn 21)

Differensiating (26) by x we take

0 (59) = K00 0K + K )ik +

+JKmymw .%"{ﬁfxyfnyﬁnu@nt%fnﬁﬁn
(22)
System (21) - (22) is a system of nonlinear Hammerstein integral equations with

respect to u(x, y)u, (x,y)

We will prove the unique solvability of this system using the contraction mapping
principle.

Let G, be a set of functions F={u(x,y).u (x,y), that are continuous in domain
D, ={(x, y)'O <x<1,0<y<@} and have on the interval 0<y<@ bounded norm

||F||— ||u||— max u || = max |u_|.
x Y eD (x,y)eDg
Let G, , denote subset {F :FeG,,|F|<N} of set G,.

Denoting the right-hand sides of (21)-(22) by 4, (M, u, ), i =1,2 respectively, we
define the mapping of 4 = (4,(c), 4,(c))
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Let us show that for some ¢ and N>0, for 0 < y <@, operator A transforms G,
into itself. That is, inequalities |4, < % i=1,2, are true for (u, ,ux)e G, y- For this,

we assume that 4. (u,ux ), i=12, are defined in G, ., =12, respectively.

From relation (21), we obtain:
3C ,
= (2ol + o

For K; wetake K, = 2(%”%“”

2
3

1 r3C
913 + Hl//”913 + 2—M1J91 .
T

2
3

1 1 3C
0,3 +H1//H6’13 +2—M1j01 .
V4

?,

and ¢, is chosen in such a way that the following inequality is met
3C Jila b L 3C 2
(T\kﬁl”* lo3]0:= + [ flo1= + ngjeﬁ <1.
. K,
Then relation |4, < holds.
: K,
Anologically we get |4, <=
Assume that K =maxK,, j=12, and due to further reduction in &,,;=12, it is
J

required that the inequality‘A j‘ Sg be met.
Then for 0<y <0, j=1,2, relation ‘Aj‘ S%, j =12 holds.

Therefore, choosing #=ming,, j=1,2 for 0< y <@, operator A maps the set Gg’ N
J
into itself.

Let us now show that with an appropriate choice of @ , operator 4 is contractive.
We have

2

]95
1 2

)= A s ) < S -+

_ k|
ux ux

2
3¢, 6} <— 18 met.
2 2

We choose 4 so that inequality

3
In a similar way we have ‘AQ(M,UX)—Az(U*»U *x)( S%MUHJF u, ]‘924 .

3
We choose 6, so that inequality 43C—111<924 <L is met.
VA
Then, we have

u—u ‘-i-

‘Al(u’ux)_Al(u*’u *xx <

‘Az(u,ux)—Az(u*,u*x)‘ < :
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For Q:mjin 9,, j=12 operator A(u,u,) is a contraction mapping. Then, by virtue
of the principle of contraction mappings, it has a single fixed point (i,u,)e G, We

assume that @ is chosen so as to ensure the compressibility of operator A(u,u, ), and
that operator A(u,u,) maps G, , into itself.
Therefore, (u,u,) is a solution to system (21) - (22) for 0< y<4.
The calculation of 6= mjin 6,, =12 does not depend on initial data. This

independence allows extending the solution along y over the interval [0, 1]. ([16])
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