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Abstract. We study discrete and metric graphs and some of their properties. We define a 

Laplace operator acting on a graph as a difference operator and investigate its spectral properties. 
Moreover, we learn its eigenvalues and eigenvectors that represent the stationary states 
(wavefunctions) of the considered system. A relation between the number of connected components 
of a graph and multiplicity of 0 as an eigenvalue of the corresponding Laplace operator is established 
in examples.     
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I. INTRODUCTION 
The study of the spectral properties of Laplacian operators on discrete graphs are 

of interest due to their wide applications in physics and chemistry (see Refs. [1,2] for 
more details). Spectrum of discrete Laplacians is well-studied both for finite and 
infinite graphs (see [3,4,5] and references therein). Inverse spectral theory for the 
discrete Schrödinger operators with finitely supported potentials on the hexagonal 
lattice was studied by Ando [6]. Discrete graphs and their properties were also studied 
in the works [7-11].    

In this work, we introduce some basic concepts of graphs, their types and 
properties. We also define Laplacian operator on graphs and study its spectral 
properties in examples.  

The paper is organized as follows. Section I is the introduction. In section II, we 
describe discrete graphs and some basic concepts. Discrete Laplacian operators and 
their properties are discussed in section III. Eigenvalues of Laplacians are studied in 
examples. In Section IV, metric graphs are briefly discussed. 

II. A DISCRETE GRAPH 
A graph 𝚪 consists of a finite or countably infinite set of vertices 𝓥 =  {𝑣௜} and a 

set 𝓔 = ൛𝑒௝ൟ of edges connecting the vertices. For example, the following is a graph 
with five vertices {𝑣௜ , 𝑖 = 1, . . ,5} and four edges {𝑒௜ , 𝑖 = 1, … ,4} (see also [11]).  
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Figure 1. A simple graph 
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We assume that the edges of the graphs considered are undirected. Additionally, 
we require absence of loops and multiple edges, i.e., we consider simple graphs. We 
use the notations 𝐸: = |ℰ| and 𝑉: = |𝒱| for the number of edges and vertices, 
respectively. We use the notation 𝑣 ∈ 𝑒 to mean that 𝑣 is a vertex of the edge 𝑒. Two 
vertices 𝑢 and 𝑣 are called adjacent if they are connected by an edge. For adjacent 
vertices we use the notation 𝑢~𝑣. In the above example, we have 𝑣ଵ~𝑣ଶ, 𝑣ଶ~𝑣ଷ, 
𝑣ଶ~𝑣ସ and 𝑣ଶ~𝑣ହ. Every simple graph can be specified by its adjacency matrix of 
dimension |𝒱| × |𝒱|, defined as  

𝐴௨,௩ = ቄ
1
0

if  𝑢~𝑣 ,
      otherwise .

 

We note that with this definition adjacency matrix is symmetric. For the graph, 
demonstrated in Fig. 1, the adjacency matrix is of the form 

𝐴 =

⎣
⎢
⎢
⎢
⎡
0 1 0 0 0
1 0 1 1 1
0 1 0 0 0
0 1 0 0 0
0 1 0 0 0⎦

⎥
⎥
⎥
⎤

 

Let 𝑣 ∈ 𝒱 be a vertex of a graph. Then the number of edges connecting 𝑣 is called 
its degree and denoted as 𝑑௩. 

𝒅-regular graphs. If degrees of every vertex of a graph are equal to 𝑑, then it is 
called a 𝑑-regular graph. For a 𝑑-regular map we have  

|ℰ| = |𝒱| ⋅
𝑑

2
 

In the example below, presented is a 3-regular graph, with 4 vertices and 6 edges.   
 
 
 
 
 
 
 
 
 
 
 
 

Indeed, we have |ℰ| = 6 and |𝒱| ⋅
ௗ

ଶ
= 4 ⋅

ଷ

ଶ
= 6. 

A path is a sequence of vertices 𝑣ଵ, 𝑣ଶ, … , 𝑣௡, such that each consecutive pair of 
vertices is connected by an edge. A cycle is a path that starts and ends at the same 
vertex.  

A tree is a graph without cycles. A graph in Fig. 1 is a tree as it has no cycles, 
whereas the following is not a tree as it has a cycle 𝑣ଵ − 𝑣ଶ − 𝑣ଷ.  

 
 

Figure 2. A 3-regular graph 
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Let Γ be a connected graph, where any vertices can be connected by a path. Then 

cyclomatic number of a graph is the number of edges that have to be removed to turn 
the graph into a tree (see Ref. [6] for more details). For connected graphs, it is the same 
as 1st Betti number, denoted as 𝛽୻, and it is found as  

𝛽୻ = |ℰ| − |𝒱| + 1 
We note that 𝛽୻ = 0 if and only if Γ is a tree.  
Let us define functions defined on graphs. There are several ways of identifying a 

function on graphs, one of them is defining the function at the vertices. For example, a 
relation assigning the degree of an edge is a function from a graph to the set of integer 
numbers,  

𝐷: 𝒱 → ℤ, 𝐷(𝑣) = 𝑑௩ 
 

III. DISCRETE LAPLACE OPERATOR 
Let Γ be a discrete graph. The Laplace operator or Laplacian, 𝐿, acting on Γ is 

defined as  
𝐿 = 𝐷 − 𝐴 

where 𝐷 is the degree function and 𝐴 is the adjacency function. Then, 

𝐿௨,௩ = ൝
𝑑௨

−1
0

   if 𝑢 = 𝑣 ,
𝑢~𝑣,

      otherwise.
 

In other words, it can be described as 

𝐿𝑓(𝑢) = ෍ 𝐿௨,௩𝑓(𝑣)

௩∈𝒱

= 𝑑௨𝑓(𝑢) − ෍ 𝑓(𝑣)

௨~௩

 

Theorem. Let Γ be a 𝑑-regular graph. Then 0 is an eigenvalue of the operator 𝐿. 
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Figure 3. A simple graph which is not a tree 
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Indeed, we can easily check that 𝐷 ൦

1
1
⋯
1

൪ = ൦

𝑑
𝑑
⋯
𝑑

൪. Also, for the adjacency matrix, 

𝐴 ൦

1
1
⋯
1

൪ = ൦

𝑑
𝑑
⋯
𝑑

൪ as each row represents number of adjacent edges. Therefore, 𝐿 ൦

1
1
⋯
1

൪ = 0. 

A graph is called connected if any two of its vertices can be connected by a path. 
If a graph consists of several connected graphs, then connected graphs are called its 
connected components.  

Theorem (Ref. [3]). A graph Γ has 𝑛 connected components if and only if 0 is an 
eigenvalue of the Laplacian of multiplicity 𝑛. That is, if 0 is a simple eigenvalue, then 
it is connected and vice versa.   

Example 1. Let us define the Laplace operator on the following graph 
 
 
 
 
 
 
 
 
 
 
From the definition of the Laplace operator, we obtain that  

𝐿 = ൦

2 −1 −1 0
−1 3 −1 −1
−1 −1 2 0
0 −1 0 1

൪ 

The spectrum of the Laplace operator on a graph gives important physical and 
mathematical information about the graph. Let us find its eigenvalues. For that we have 
to find the roots of the equation  

ተ

2 − 𝜆 −1 −1 0
−1 3 − 𝜆 −1 −1
−1 −1 2 − 𝜆 0
0 −1 0 1 − 𝜆

ተ = 0 

Simplifying the left side of the equation we obtain the characteristic function   
χ(λ) = 𝜆ସ − 8𝜆ଷ + 19𝜆ଶ − 12𝜆 

As  
χ(λ) = 𝜆(𝜆ଷ − 8𝜆ଶ + 19𝜆 − 12) 

and χ(1) = 0, we can factor it out as 
χ(λ) = 𝜆(𝜆 − 1)(𝜆 − 4)(𝜆 − 3) 

Therefore, eigenvalues of the Laplace operator are 0, 1, 3 and 4. As we can see 
that 0 is a simple eigenvalue, therefore it is connected. 
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Example 2. Let us now consider a graph with two connected components.  
 
 
 
 
 
 
 
 
 
For this graph, Laplacian matrix is written as  

𝐿 =

⎣
⎢
⎢
⎢
⎡
2 1 1 0 0
1 1 0 0 0
1 0 1 0 0
0 0 0 1 1
0 0 0 1 1⎦

⎥
⎥
⎥
⎤

 

Let us find its eigenvalues. We have  
 

ተ
ተ

2 − 𝜆 1 1 0 0
1 1 − 𝜆 0 0 0
1 0 1 − 𝜆 0 0
0 0 0 1 − 𝜆 1
0 0 0 1 1 − 𝜆

ተ
ተ = อ

2 − 𝜆 1 1
1 1 − 𝜆 0
1 0 1 − 𝜆

อ ⋅ ቚ
1 − 𝜆 1

1 1 − 𝜆
ቚ 

We can easily find that  

อ
2 − 𝜆 1 1

1 1 − 𝜆 0
1 0 1 − 𝜆

อ = −𝜆ଷ + 4𝜆ଶ − 3𝜆 

and  

ቚ
1 − 𝜆 1

1 1 − 𝜆
ቚ = 𝜆ଶ − 2𝜆 

Therefore, its characteristic form is  
χ(λ) = (−𝜆ଷ + 4𝜆ଶ − 3𝜆)(𝜆ଶ − 2𝜆) = −𝜆ଶ(𝜆ଶ − 4𝜆 + 3)(𝜆 − 2) 

It can further be simplified as 
χ(λ) = −𝜆ଶ(𝜆 − 3)(𝜆 − 1)(𝜆 − 2) 

As we can see that that it has eigenvalues 0, 1, 2 and 3. Moreover, we can see that 0 is 
an eigenvalue of multiplicity 2. So, we verified correctness of the theorem, as the graph 
has two connected components.  
 

IV. METRIC GRAPHS 
A metric graph 𝐺 is a graph Γ = {ℰ, 𝒱}, equipped with a metric 𝑙, i.e.,  

𝐺 = {ℰ, 𝒱, 𝑙} 
where 𝑙: ℰ → ℝவ଴ is a length function. Here 𝑙 can be interpreted as physical distance 
or some other metric between the vertices. If an edge has only one vertex, then it has 
infinite length and it is called a lead. In the following graph, demonstrated three points 
with corresponding distances from each other. Then,  
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𝑙(𝑣ଵ, 𝑣ଶ) = 5 
𝑙(𝑣ଵ, 𝑣ଷ) = 6 
𝑙(𝑣ଶ, 𝑣ଷ) = 3 

 
 
 
 
 
 
 
 

Length of a path is a sum of distances between the formed edges.    
A metric graph is called equilateral, if distances between all vertices are equal.    
A metric graph is called infinite if there are infinitely many vertices, otherwise 

it is called finite. A finite graph, where all edges have finite lengths is called a compact 
graph. In the above example, the graph is compact as the edges are all of finite lengths.  

We can consider every metric graph as a metric space, where distance between 
any two vertices can be identified as a minimum length of the paths connecting those 
points.  

We will continue studying metric graphs and quantum graphs.   
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